We report a plasmon-polaron mode of a 2D electron gas occupying surface states of a 3D topological crystal. This new, low-frequency, acoustic plasmon mode splits-off from the conventional spin-plasmon mode as a result of strong interactions of the surface electrons with bulk phonons. We show that, like in the case of the conventional spinplasmon, the scattering of this mode is strongly suppressed in some regions of the phase space. This signature of the topological protection leads to an Umklapp-free mode dispersion at the Brillouin zone boundary. Such a plasmon polaron mode has indeed been recently observed in the topological metal Be 2 Se 3 .
The plasmon problem in a TI was considered [2, 3, 6] by assuming the Hamiltonian H 0 = !v F (k x σ y − k y σ x ) , where σ x and σ y are Pauli matrices acting in the space of the electron spin projections, and the helical eigenfunction of the Hamiltonian is e ik⋅r f k / S (S is surface area), and the spinor part of it is
where ϕ k is the polar angle of the vector k, and the electron energies are E k = v F k . The expectation value of the electron spin is therefore f k σ f k =ẑ× k (where ẑ is the vector perpendicular to the 2D gas). Using the RPA, it was shown that the condition for existence of a the plasmon is
where V q 2D = 2πe 2 / qε eff . For a single subband, the relevant situation here, we have
where n k is the Fermi -Dirac occupation number. Eq. (2) predicts a quasi-2D plasmon mode, the dispersion of which is ω ∝ q , for small q << k F , and ω ≈ βq , for larger q.
This is the characteristic form of dispersion for all 2D gases (normal and topological). The 2D electron gas resides on the surface of the topological metal (insulator with partially filled conduction band). Thus, the Coulomb interaction must be modified to include contributions from both electrons and phonons in the bulk of the topological insulator. The shielding of Coulomb electronic interactions is now controlled by an effective ε eff , defined by the following expression (exact in RPA)
where
, ε is the background dielectric constant due to electrons in the TI bulk, and the acoustic phonon dispersion is given (approximately) by
The second term in the square bracket of Eq. (4) is the Fröhlich term.
It is straightforward to show that for q >> k F , Eq. (2) reduces to
where the ratio of the Coulomb interaction energy to the kinetic energy is r s = e 2 /ε !v F .
Eq. (6) leads to
, which according to Eq. (4) can occur only for
The analysis above shows that there exist two modes of the 2D electron gas on the surface of a TI. One is the conventional 2D spin plasmon, as discussed just below Eq.(3), with dispersion ω ∝ q for q << k F , and ω ≈ βq for larger q. A sketch of this mode (for large q) is shown in Fig. 1 (black-dashed line). The second, low frequency plasmon results from strong electron-phonon coupling, which electromagnetically renormalizes the 2D plasmon dispersion. Thus, this mode has a strong polaron character. This mode has linear dispersion for large q (Eq. 7), as shown in Fig. 1 (blue-dashed line). Clearly, the two collective electronic 2D modes are well separated in frequency for all q, and thus not coupled. The electronic susceptibility is the same for both modes, and given by Eq.
. experimental data for Be 2 Se 3 in the topological, and the red circles in the normal states [5] . The shaded region represents the single particle continuum. and normal state (after Mn doping), obtained in Ref. [5] , which are represented by blue and red circles, respectively. The corresponding single-particle excitation range, extending up to q ~ 2k F , is shown in Fig. 1 as a shaded region.
One of the most important discoveries in Ref. [5] was that the quasi-linear polaron mode dispersion surprisingly extends into the second BZ without an expected Umklapp at the M-point on the BZ edge. This is equivalent to an absence of a gap opening at this point. To understand this effect, consider the situation in which the 2D electron gas is subjected to a weak periodic potential, which explicitly represents the atomic lattice of the underlying TI. The plasmon problem can be written as an eigenvalue problem of a general electron-hole Hamiltonian [3, [8] [9] [10] , with plasmon eigenstate q and corresponding eigenvalue being the plasma frequency. The projection of the eignestate, i.e., the momentum wavefunction, is given by
where A q is a normalizing factor. In this situation, we can apply a perturbation theory for the degenerate plasmon eigenstates at the M-point on the edge of the BZ: q M and q M −G , (see Fig. 2 ). Both states have the same, unperturbed frequency ω q=q M . The perturbed frequency is
where a gap of the size 2Δ opens at the edge of BZ for non-vanishing matrix element
Inserting an identity operator I = k k ∑ k and Eq. (8) into Eq. (10), and assuming that k << q M and k << q M −G we get
It can be easily shown using Eq. (1) that
where C is a constant. Since, according to Eq. (1),
and θ is the angle between q M and q M −G . Since θ = π, according to Fig. 2 , the spinor inner product given by Eq. (13) vanishes, which leads to This result can be confirmed by noticing that Δ given by Eq. (10) is simply related to the plasmon angular scattering form factor Φ(q,θ ), studied in detail in Ref.
[3]
Φ(q,θ ) can be numerically evaluated as a function of the scattering angle, and we have done this for parameters of the polaron mode in Be 2 Se 3 . Fig. 2 shows the corresponding polar plot. There is a dramatic suppression of scattering for both, forward (θ = 0), and backwards scattering (θ = π). Thus, according to Eq. (15), Δ ≈ 0 , which is in agreement with Eq. (14), and demonstrates that the opening of the gap at the M-point is strongly suppressed due to suppressed backscattering of the plasmon polaron mode. Our theory has a direct correspondence to the simple coupled-oscillator model proposed by Bozovic [4] . The Bozovic polaron is a classical, coupled state of an electron (with mass ! m ) and a neutral, polarized particle (mass ! M ), with the dielectric function given by
To see the correspondence with our nonlocal theory, we write a hydrodynamic analog of Eq. (2), which contains the main dynamics of the polaron mode, as
which, with the help of Eq. (4) can be reduced to the form of Eq. (16). This shows, that the polaron mode in our theory is a quantum analog of the classical Bosovic polaron, and results from the strong coupling to the polarizable dielectric background of the TI lattice.
In conclusion, we have shown that a 3D topological crystal supports a lowfrequency plasmon-polaron mode of its surface 2D electron gas. As a result of strong interaction of the 2D electrons with bulk phonons, the plasmon mode existence condition yields two collective modes: the conventional, gaples spin-plasmon, and the lowfrequency acoustic, plasmon-polaron. Due to large phase space separation of these modes (except for very small momenta), there is little interaction between the modes. Since the 2D electron gas is topologically distinct from the bulk, its dynamics is affected by phonons, but in contrast to topologically trivial situations, only through their contributions to an effective dielectric response of the environment as seen by the surface electrons. We show that, not unlike in the case of the conventional spin-plasmon, the scattering of this mode is strongly suppressed in some regions of the phase space, which leads to an Umklapp-free mode dispersion at the Brillouin zone boundary. The low-lying plasmon mode, with an Umklapp-free behavior has indeed been recently observed in the topological crystal Be 2 Se 3 .
